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Flutter Prediction from Flight Flutter Test Data

G. Dimitriadis¤ and J. E. Cooper†

University of Manchester, Manchester, England M13 9PL, United Kingdom

The most common approach to � ight � utter testing is to track estimated modal damping ratios of an aircraft
over a number of � ight conditions. These damping trends are then extrapolated to predict whether it is safe to
move to the next test point and also to determine the � utter speed. In the quest for more reliable and ef� cient
� ight � utter testing procedures, a number of alternative data analysis methods have been proposed. Five of these
approaches are compared on two simulated aeroelastic models. The comparison is based on both the accuracy of
prediction and the ef� ciency of each method. It is found that, for simple aeroelastic systems, the Nissim and Gilyard
method (Nissim, E., and Gilyard, G. B., “Method for Experimental Determination of Flutter Speed by Parameter
Identi� cation,” AIAA Paper 89-1324, 1989) yields the best � utter predictions and is also the least computationally
expensive approach.However, for larger systems, simpler approachessuch as the damping � t and envelope function
methods are found to be most reliable.

Nomenclature
Ai = polynomial coef� cients in characteristic

equation, � utter margin method (FM)
Ai = aerodynamicmatrix coef� cients, Nissim and

Gilyard method (NG)
a.m/ = moving average (MA) coef� cients,

autoregressivemovingaveragemethod (ARMA)
b.m/ = autoregressive (AR) coef� cients, ARMA
Cs = structural damping matrix, NG
NC = damping matrix, NG
env.t/ = decay envelope or envelope function, envelope

function method
F = � utter margin, FM
NF = forcing vector, NG
F§.l/, G.1/, = Jury stability criteria, ARMA
G.¡1/
g.t/ = forcing function, NG
J = model order, ARMA
Ks = structural stiffness matrix, NG
NK = stiffness matrix, NG
NM = mass matrix, NG

m = number of degrees of freedom, NG
n f = number of points used in identi� cation, NG
q = dynamic pressure, FM
q = generalized coordinates, NG
S = shape function, envelope function method
Nt = time centroid of decay envelope, envelope

function method
u.i/ = discrete values of input, ARMA
V f = � utter velocity
V1 = freestream velocity, NG
y.i/ = discrete values of output, ARMA
y.t/ = impulse response, envelope function method
yH .t/ = Hilbert transform of the impulse response,

envelope function method
¯ = reference length, NG
¯i = real part of ith eigenvalue,FM
³ = damping ratio, ARMA
¸i = i th eigenvalue,FM
½ = density of air, NG
! = natural frequency,ARMA
!i = imaginary part of ith eigenvalue, FM
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Introduction

D URING the design stage of a new aircraft, the aeroelastic be-
havior is estimated by producing detailed mathematical and

aeroelastic wind-tunnel models. The critical phenomenon is � utter,
a violent unstable oscillation, which must be avoided throughout
the � ight envelope. Airworthiness regulations require that stability
throughoutthe required � ight regime is demonstratedby tests of the
actual � ying aircraft, commonly termed � ight � utter tests. Flight
� utter tests consist of � ying an aircraft at a range of subcritical air
speeds while applying some form of excitation to the structure.The
response of the structure is measured at a number of measurement
stations, and the data is curve � tted to determine the stability at
the current � ight speed and predict whether it is safe to proceed to
the next test point. Of interest is the speed at which � utter is pre-
dicted. This process is repeated at numerous � ight conditions until
the envelope is cleared. In practice, the most common responsedata
analysis procedure is to estimate the damping present in the aircraft
response and to track its variation with air speed.

Even in the days of high-speed computers and sophisticateddata
measurement and analysis tools, � utter testing remains as much an
art as a science. Subcritical damping data cannot always be safely
extrapolatedto obtain an accurate prediction for the � utter velocity.
Nonlinearities in the control system or in the aerodynamics and
structure of an aircraft can critically affect the aeroelasticbehavior.
Finally, the aeroelasticstabilitycan changefrom positiveto negative
with an increase in air speed of only a few knots, and the whole
procedure is very dangerous and time consuming.

There are various methods to predict the � utter speed using � ight
� utter test data.The purposeof this paper is to examineand compare
a number of the approaches that are used in industry and appear in
the literature.This comparison has not been attemptedbefore to the
authors’ knowledge. Both the ef� ciency and quality of the predic-
tionsobtainedby themethodsare comparedusingsimulatedsystems
to provide a comprehensive overview of contemporary � utter pre-
diction procedures. A more accurate and ef� cient � utter prediction
would decrease the time taken for � ight � utter testing as well as
increase safety.

Flutter Prediction Methods
Damping Ratio Variation with Air Speed

Traditionally, the most widely used indicators of the stability of
an aeroelastic system are the modal dampings and their variation
with freestream velocity. At � utter, the damping in at least one of
the modes is zero, thus causing self-excited oscillations. Beyond
this speed, the system becomes unstable. In the typical � ight � utter
test, the damping ratios for all of the signi� cant modes are evalu-
ated at a number of subcriticalair speeds using system identi� cation
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methods. The damping ratio trends are then curve � tted by a poly-
nomial, or by hand, and extrapolated to estimate the � utter velocity
and to examine the stability at the next proposed � ight test.

There are numerous system identi� cation methods, both in
the time and the frequency domain, that allow the calculation of
the modal parameters of a vibrating system.1 Here, a version of the
rational fraction polynomial method2 is used. Obviously, the accu-
racy of predictingthe � utter speeddependsonhow well the damping
ratios are estimated.

Flutter Margin Method

The � utter margin method (FM) was � rst presented in Ref. 3. The
basis of the approach is the quest for a more fundamental stability
criterion than just tracking the damping present in the system. In its
original form, the approach only covers binary � utter; however, in
Ref. 4 an extension of the technique to trinary � utter is presented.

The FM employs the Routh stability criterion.5 For a two-degree-
of-freedomsystem, for which the characteristicequation is a quartic
of the form

¸4 C A3¸3 C A2¸
2 C A1¸ C A0 D 0 (1)

the Routh stability criterion reduces to

[A2.A1=A3/ ¡ .A1=A3/2 ¡ A0] > 0 (2)

Hence, for a two-degree-of-freedomsystem, there is a quantity
described by Eq. (2) that has to be positive for the system to be
stable and becomes zero when instability is reached. This quantity
is termed the � utter margin and is given by (in slightly modi� ed
form)
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which is obtained from Eq. (3), after substitutingfor the two sets of
complex conjugate eigenvalues,¸1; : : : ; ¸4, such that

¸1;2 D ¯1 § i!1; ¸3;4 D ¯2 § i!2

The application of the method is quite straightforward. For a
two-degree-of-freedom system, the response to a known input at
a particular (subcritical) air speed is recorded and the eigenvalues
of the system are calculated.1 These are then used to compute the
� utter margin. Where some further derivation3 is used, it can be
shown that the � utter margin is a quadratic function of the dynamic
pressure, that is,

F D B2q
2 C B1q C B0 (4)

where B0, B1 , and B2 are coef� cients to be evaluated. Hence, if
the � utter margin is known at three different air speeds, it can be
� tted by a second-orderpolynomial and subsequentlyextrapolated.
Flutter occurs when F D 0. In practice, to counteract the effects of
experimental uncertainty, the � utter margin is estimated at a wider
rangeof subcriticalair speedsand then � tted in a least-squaressense.

That the � utter margin is derived for a two-degree-of-freedom
system does not imply that the method cannot be used with larger
systems. In fact, the � utter mechanism is often dependent on two
modes only. If it is known beforehandwhich two modes will cause
� utter, the FM can be applied successfully; otherwise, all possible
pairs of modes must be examined.

Some experimentalevaluationof the method suggests that usinga
quadratic� t of the � utter margin can yield results that are very sensi-
tive to errors or uncertaintyin the experimentaldata.6 An alternative
is to use linear extrapolation, again in a least-squares sense.

Envelope Function

The envelope function7 was originally proposed as a tool to pro-
vide an assessmentof overall stability to complementstandardanal-
ysis. However, it has since been used in practice to provide � ight
� utter clearance of the ALTOS high-altituderesearch aircraft.

The basis of the method is that the impulse responseof any stable
damped system is decaying, with the shape of the decay in the time
domain being described by the decay envelope. As the damping
in a given aeroelastic system decreases, the decay envelope grows
wider, eventually becoming a rectangle as the damping becomes
zero. When the position of the centroid of the decay envelope and
the way that it shifts on the time axis as the damping decreases are
evaluated, it is possible to assess the stability of the system.

For an aeroelastic system with impulse response y.t/, the decay
envelope, or envelope function, is given by

env.t/ D
p

y.t/2 C yH .t/2 (5)

where yH .t/ is theHilberttransformof theimpulseresponse,de� ned
as

yH .t/ D F¡1fIm[Y .!/]g ¡ jRe[Y .!/] (6)

where Y .!/ is the Fourier transform of y.t/ and Im and Re are
imaginary and real part, respectively.The time centroidof the decay
envelope is given by

Nt D
R tmax

0
env.t/t dt

R tmax

0
env.t/ dt

(7)

The upper limit of integration, tmax, serves to de� ne the rectangle
within which the integration takes place. For a single-degree-of-
freedom system, when the damping is zero, the time centroid lies
at t D tmax=2. For a multi-degree-of-freedom system, it is suggested
that t ¼ tmax=2 is an adequate approximationfor the position of the
time centroid.7

Because Nt tends to increase as the damping drops, its inverse is
usually employed as the signi� cant shape parameter, that is,

S D 1=Nt (8)

in which case the value of S at the � utter condition is S D 2=tmax for
a single-degree-of-freedom system. For multi-degree-of-freedom
systems S ¼ 2=tmax .

The envelopefunction� utter testingprocedureis to evaluateS at a
number of subcriticalair speeds.The variationof S with air speed is
then curve � tted using a polynomial, as with the damping method,
and extrapolated to the point where S D 2=tmax, thus yielding the
� utter velocity.

The impulse responseof an aeroelasticsystem may be obtainedin
two ways: 1) direct measurement of the aircraft response to impul-
sive excitation, for example, stick jerk, and 2) application of other
excitation functions, for example, white noise, chirp. The Fourier
transforms of the response and excitation are then divided to yield
the frequency response function (FRF). The impulse response is
obtained as the inverse Fourier transform of the FRF.

In the present implementation, the second approach was chosen.
The disadvantageof the � rst technique is that, in practice, it is im-
possible to apply a perfect impulse to a system as complex as an
aircraft; hence, the measured response may not be close enough to
the impulse response.The second approach also allows the smooth-
ing of some of the measurement noise by careful choice of the
Fourier transform window. Additionally, the impulse responses can
be exponentially weighted8 to improve the noise-to-signal ratio at
the tail end of the response.
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Nissim and Gilyard Method

The two methods already described deal with attempting to eval-
uate the stabilityof a given aeroelasticsystem and, hence, the � utter
velocity.The Nissim and Gilyard method (NG),9 which is an exten-
sion to a techniquedeveloped by Skingle et al.,10 adopts a different
approach by attempting to identify the whole system, including its
aerodynamic variation with freestream air speed by estimating its
equations of motion. Then, the identi� ed system can be solved for
different velocities to obtain the � utter speed.

The equations of motion for a forced aeroelastic system are

NM Rq C NCPq C NKq D NFg.t/ (9)

If Eq. (9) is transposed to the frequency domain and premultiplied
by NM¡1, the equations of motion become

f¡I!2 C C|! C Kgq.!/ D Fg.!/ (10)

where

C D NM¡1 NC; K D NM¡1 NK; F D NM¡1 NF

and multiplication by |! denotes differentiation.Divide both sides
of Eq. (10) by g.!/ and rearrange

C|!Hq.!/ C KHq.!/ ¡ F D I!2Hq.!/ (11)

where Hq.!/ D q.!/=g.!/. For an m-degree-of-freedom system,
Eq. (11) can be rearranged and expanded as
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Equation (12) is of the form

TX D B (13)

where X is to be evaluated in a least-squares sense. Strictly speak-
ing, n f only needs to be equal to m for a successful identi� cation;
however, to counteract the effect of noise in the responses, usu-
ally n f > m and the equation is solved in a least-squares sense. For
increased accuracy, multiple forcing vectors can be applied to the
system. This is particularly relevant to the case where the responses
include a high level of noise.

To obtain an identi� ed model of the system at all air speeds, a
second identi� cation needs to take place at a different freestream
velocity. According to Ref. 11, the unsteady aerodynamic matrix
Q.|!/ for an aeroelastic system is given by

Q.|!/ D 1
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where nL depends on the desired accuracy but is usually no more
than four, b is a reference length, and NA0; : : : ; NAnL are matrix coef� -
cients. For a quasi-steadyaerodynamicrepresentation,the lag terms
are ignored leading to

Q.|!/ D 1
2 ½V 2

1A0 C 1
2 ½V1A1|! (15)

where Ai D bi NAi for i D 1; 2; A0 are aerodynamic stiffness terms;
and A1 are aerodynamic damping terms. Terms A2, representing
aerodynamic inertia terms, have also been neglected because they

are usually very small compared to structural inertia terms. In other
words, matrices C and K in Eq. (12) can be broken down into struc-
tural and aerodynamic part, that is,

C D Cs C 1
2
½V1A1; K D Ks C 1

2
½V 2

1 A0 (16)

with subscript s denoting structural terms. If the identi� cation pro-
cess described earlier is repeated at two distinct velocities, then the
structuralandaerodynamicmatricescan be evaluatedseparatelyand
the behaviorof the system at any air speedcan be predictedeitherby
integrating the equations of motion or by calculating the system’s
eigenvalues. Finally, the � utter speed can be obtained by means of
a suitable iterative calculation, for example, evaluating the system
damping at increasing speeds until � utter is reached.

It should be noted that the NG requires modal responses to work.
Consequently, if only physical coordinates z are available, then the
modal matrix U should be evaluated and used to obtain the modal
coordinates from

z D U q (17)

Autoregressive Moving Average-Based Method

The equations of motion of a dynamic system can be expressed
as a sum of the regressive response terms equal to the value of
the regressive forcing term. This is the basis of the representation
of dynamical systems by autoregressive moving-average (ARMA)
models,where theAR partdenotesthe termscontainingthe response
y and the MA part denotes the white noise excitation terms u.

The general form of an ARMA is12

2JX

m D 0

b.m/y.i C m/ D
2J ¡ 1X

m D 0

a.m/u.i C m/ (18)

The order of the model, J , can be equal to the number of modes of
the system to be modeled but, in the presenceof experimentalnoise,
it is usually taken to be greater than the number of modes.

To identify a given dynamic system, the ARMA equation is ap-
plied to a set of single input/single output sampled data. The un-
known coef� cients, a, b, and J are evaluated using a parameter
estimationalgorithm,the simplest of which is the least-squarespro-
cedure. This evaluation can be simpli� ed by dividing the ARMA
equation throughoutby b.2J /, so that the leading AR coef� cient is
always unity.

If Eq. (18) is evaluated at instances i D 1; : : : ; k, then the coef� -
cients can be obtained using
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This matrix equation can be solved using any number of schemes,
such as those described in Refs. 13 and 14. The eigenvalues of the
system can be obtained by forming the characteristicpolynomial

G.¹/ D ¹2J C b.2J ¡ 1/¹2J ¡ 1 C ¢ ¢ ¢ C b.1/¹ C b.0/ D 0 (20)

and, subsequently,evaluating its roots

¹1;2 D exp
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p

1 ¡ ³ 2
¢
1t

¤
(21)

The ARMA method, as described up to now is a system iden-
ti� cation technique. Matsuzaki et al.12 suggest a procedure for us-
ing an ARMA representation of an aeroelastic system as a means
of predicting the � utter velocity. The basis of the approach is the
Jury determinant method for evaluating the stability of a discrete-
time system, which is very similar to the Routh–Hurwitz criterion
for continuous-time systems (used in conjunction with the FM).
The Jury stability criterion applies to the characteristicpolynomial,
Eq. (20), such that the system is stable if

G.1/ > 0; G.¡1/ > 0 (22)

and for l D 1; 3; : : : ; 2J ¡ 1,
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Fig. 1 Variation of natural frequencies and dampings with air speed, Hancock model.

Consequently, the � utter condition is de� ned as the � rst air speed
at which any of the criteria G.1/, G.¡1/, and F §.l/ becomes zero.
Hence, the system can be identi� ed at a range of velocities, and the
valuesof thecriteriaplottedagainstair speedand thencurve� ttedby
a polynomial to yield the pointswere they intersect the velocity axis
and, hence, the � utter velocities.This particular implementation of
the Jury stability criterion is disadvantageouscompared to the FM
in that the criteria do not vary in a predictablemanner with velocity.
Instead, if polynomial � tting is attempted, the order will not be
known, as with the damping � t and envelope methods.

Preliminary Validation of the Methods
The methods were applied to two simulated aeroelastic models,

one of them modeling a simple, three-degree-of-freedom, rectan-
gular wing with control surface, referred to as the Hancock model
(see Ref. 15) and the othermodeling a four-enginedcivil transport,7

referred to as the Sim-2 model. The Hancock model was chosen to
demonstrate the methods on the most simplistic aeroelastic model
possible. The Sim-2 model was chosen because it is a multimodal,
industrially validated model and is characteristic of a number of
commercial aircraft. Nevertheless, in both cases the � utter mech-
anism is essentially binary. Figures 1 and 2 show the variation of
natural frequenciesand damping ratios for both models. In the case
of theSim-2 model,onlysome representativemodesareplotted.The
� utter speeds of the two models were 44.07 m/s for the Hancock
model and 398 kn for the Sim-2 model (5000 ft).

With both models, and for all of the methods, the excitationwave-
formsusedwere frequencysweeps,sweepingthroughall of thenatu-
ral frequenciesof themodelsso as to exciteallmodes.The excitation
forces were applied through control surfaces and were symmetric.
Additionally, all responses were contaminated by 5% rms simu-
lated noise to approximate the effects of experimental uncertainty.
Each method was tested in a variety of velocity ranges, as shown in
Tables 1 and 2 for the Hancock and Sim-2 models, respectively. In
each of the ranges, a number of tests were performed at increments
of 7% of the true � utter speed. Results for the NG are not presented
for the Sim-2 model, for reasons that will be explained later.

Noted that the validationof the methods presentedhere is speci� c
to the particular models and implementations chosen.

Damping Fit Method

Preliminary tests of the method showed that curve � ts by a range
of polynomial orders (between 3 and 8) can give the optimal � utter
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Fig. 2 Variation of natural frequencies and dampings with air speed, Sim-2 model.

Table 1 Modulus of errors in � utter estimates, Hancock model

Velocity range
(% of � utter Damping
speed) � t, % FM, % Envelope, % NG, % ARMAX, %

23–43 14.4 6.8 13.0 2.5 46.2
23–57 5.1 3.9 2.1 4.7 17.5
23–70 9.1 2.5 0.6 1.3 21.0
23–84 0.1 1.1 4.8 0.1 15.4
23–98 0.5 0.3 0.1 0.1 0.3
45–66 17.5 1.3 6.9 0.8 23.6
45–79 0.9 1.7 1.9 0.7 8.7
45–93 0.1 0.1 0.3 0.2 1.6
68–88 0.2 0.8 0.4 0.7 6.1

Table 2 Modulus of errors in � utter estimates, Sim-2 model

Velocity range
(% of � utter damping
speed) � t, % FM, % Envelope, % ARMAX, %

23–43 28.4 —— 5.5 53.3
23–57 17.0 18.8 35.1 32.9
23–70 9.2 15.5 16.2 6.5
23–84 4.6 3.8 2.5 8.7
23–98 0.3 0.8 0.7 1.0
45–66 2.8 20.8 9.4 12.1
45–79 2.3 5.5 6.0 8.7
45–93 0.5 —— 1.3 2.2
68–88 2.9 —— 0.5 2.0

predictions. Additionally, changing the polynomial order by one
can give wildly inaccurate results. In general, orders between three
and six are the most suitable choices; however, � utter predictionsin
Tables1 and2 wereoutbyup to 17.5%of the true � utter speed for the
Hancock model and 28.4% for the Sim-2 model. Furthermore, if too
high an order is used (typically above 10, depending on how many
points are � tted), the matrix used for the polynomial � t becomes
rank de� cient, and the � t itself fails completely.

Damping trends tend to be relatively smooth and no more than
quartic in shapeevenwhen hard � utter is encountered.In actual fact,
no case was encounteredwhere the use of polynomialorders higher
than six was needed. However, this is by no means a general result.

Fig. 3 Flutter prediction using damping � t; 20% rms noise.

Because, in practice, the � utter speed is not known in advance, it is
impossible to predict which order of � t will give the best estimate.

The sensitivity of the method to noise is governed by the sen-
sitivity of the rational fraction polynomial (RFP) procedure. The
deterioratingquality of the latter with increasing levels of noise af-
fects the � utter prediction negatively, as is seen in Fig. 3, where a
� utter prediction is shown for results with 20% rms noise. In Fig. 3,
the circles are estimated damping ratio data, the solid curve is the
best-case polynomial � t of the estimated damping data, the crosses
are theoretical damping data, and the dashed curve the best-case
polynomial � t of the theoretical damping ratio data (obtained from
the equations of motion). A comparison between the latter and the
best-case � t of the estimated damping ratios shows that the � utter
speedhas beenoverestimatedby quite a margin (4.4%) and also that
the estimated subcritical behavior of the damping curve is wrong.

FM

As mentioned earlier, successful application of the FM to a
multi-degree-of-freedom (DOF) aeroelastic system depends on the
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knowledge of the � utter mechanism, that is, which two modes will
combine to cause � utter. When the technique is applied to these
two modes, a representative system is analyzed. Note that � utter
margins calculated from any combination of modes containing the
mode that becomes unstable at � utter will become zero at the � utter
velocity. In Ref. 16 it is shown that Eq. (3) can be rewritten as
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Fig. 4 Flutter margin variation for the three possible � utter mecha-
nisms, Hancock model.

Fig. 5 True � utter margin variation with air speed, Sim-2 model.

and F alsobecomeszero.This phenomenonis shownin Fig.4 for the
Hancock model, whose � utter mechanismincludes the wing torsion
and control surface torsion modes, the damping of the control sur-
face torsion mode becoming zero at � utter. Figure 4 shows � utter
margins calculatedfor all three combinationsof modes. In the wing
bending–wing torsion case, the � utter margin never becomes zero.
In the other two cases, which contain the control surface torsion
mode, the � utter margin becomes zero at � utter. This phenomenon
is because any system formed of two modes from another system,
one of which is unstable, will also be unstable. However, Fig. 4
shows that the variation of the � utter margin with air speed for the
wing bending-controlsurface torsion case is not quadratic. In other
words, a number of spurious � utter margins, or parameters indi-
cating the stability of a multi-DOF system, can be formed using
the FM but these parameters will not be the � utter margin, as de-
� ned by Zimmerman and Weissenburger.3 Only if the actual � utter
mechanism is used will the � utter margin be obtained.

The applicationof the FM to the Sim-2 model was not as straight-
forward as in the Hancock case. The Sim-2 model contains 23
modes, of which mode 12 becomes unstable at � utter. The � ut-
ter mechanism consists of mode 12 and mode 4. The � utter margin
variation with speed for the actual � utter mechanism is shown in
Fig. 5. Notice that the variation is not exactly quadratic because
such a variation can only be obtained for systems with no structural
damping,4 whereas the Sim-2 model has nonzero damping at zero
speed, which is equivalent to structural damping. Unfortunately,
mode 4 is highly, damped with respect to most of the other modes
and, hence, does not feature prominently in any of the FRFs, even
at speeds which are low compared to the � utter speed. Because, for
this work, the eigenvalueswere obtainedusing a frequency-domain
method, the eigenvalue of mode 4 could not always be obtained.
The FM results of Table 2 have gaps were the eigenvalues of the
modes werenotobtained.As a consequence,an alternativeapproach
was used for the simulated � utter tests described later. The FM was
applied to the combination of modes 12 and 3, the latter being a
prominent mode in the FRFs. Equation (3) was applied to these two
modes yielding a spurious � utter margin that did not vary quadrat-
ically and had to be curve � tted by higher-order polynomials. Nev-
ertheless,because the spurious � utter margin became zero at � utter,
it served as a stability parameter. The combination of modes 12
and 3 was chosen after all of the other possible combinations were
tested.
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As with the damping � t approach, the FM’s sensitivity to noise
depends on that of the RFP. It is at these conditions that the au-
thors of Ref. 6 suggest a linear � t of the � utter margin gives better
estimates for the � utter velocity.However, Fig. 6 shows that this lat-
ter approach would provideworse results than the normal quadratic
� t on the Hancock model.

Envelope Function Method

The main considerations in the successful application of the en-
velope function method are the number and velocities of subcritical
tests, the order of the polynomial � t of the decay envelope centroid,
and the values of tmax , and noise. When testing a multi-DOF system,
a number of responses can be measured, all of which will yield an
envelopefunctionand a shapeparameterat each air speed, as seen in
Fig. 7 for the Hancock model, where the shape parameter variation
with air speed for each DOF is plotted. Hence, the shape parame-
ters from every measured response can be curve � tted to yield an
estimate for the � utter velocity.

Fig. 6 Flutter margin variation with velocity, 10% rms noise, with
linear � t, Hancock model.

Fig. 7 Shape parameter centroid variation with velocity, Hancock model.

The advantageof applyingthemethodto a largesystemwith many
measurement positions, such as the Sim-2 model, is that responses
fromall of thesepositionscan be used to calculateshapeparameters.
Even if some of the responses overshoot the decay envelope � utter
criterion because of measurement error, on average the criterion is
satis� ed. This statement can be veri� ed by Fig. 8, which shows a
plot of shape parameters from each measuring position in the case
where the impulse responses were corrupted with 10% rms noise.
Hence, the envelope function � utter prediction procedure can be
modi� ed to include curve � tting of the shape parameters of all of
the measured impulse responses (17 for the Sim-2 model).

The presence of noise in the system responses causes a dete-
rioration in the quality of the estimated impulse responses. This
deterioration, in turn, causes signi� cant scatter in the results for the
position of the decay envelope centroid. However, Fig. 8 demon-
strates that, for the Sim-2 model, the existenceof noisehas a positive
effect. Noise will appear in the steady-state responses thus displac-
ing the time centroid to the right and making the transient response

Fig. 8 Shape parameter variation with velocity, Sim-2 model, 10%
rms noise.



362 DIMITRIADIS AND COOPER

Table 3 Flutter speed estimates using
envelope method, Hancock model

Best polynomial Best � utter speed
tmax order estimates % jErrorj

23–43 Range, %
10 2 54.7619 24.2
8 2 49.7932 13.0
6 2 34.7932 21.1

23–57 Range, %
10 3 43.5895 1.1
8 3 43.1423 2.1
6 3 44.1552 0.2

23–70 Range, %
10 3 44.2338 0.4
8 3 44.3199 0.6
6 4 45.1514 2.4

23–84 Range, %
10 5 42.9772 2.5
8 5 46.1875 4.8
6 4 45.9741 4.3

23–98 Range, %
10 6 44.0838 0.0
8 4 44.0438 0.1
6 3 43.9444 0.3

45–66 Range, %
10 2 41.2831 6.3
8 2 41.0387 6.9
6 2 42.6185 3.3

45–79 Range, %
10 3 41.0289 6.9
8 3 43.2193 1.9
6 3 44.3230 0.6

45–93 Range, %
10 4 44.1043 0.1
8 4 44.1887 0.3
6 4 44.3050 0.5

68–88 Range, %
10 2 44.4217 0.8
8 2 44.2729 0.4
6 2 44.6352 1.3

less signi� cant. Hence, apart from shape parameters obtained from
measurementstationsdominatedby the rigid-bodymodes, the shape
parameter variations in Fig. 8 are relatively� at at subcriticalspeeds.
As � utter is approached, the transient response takes longer to de-
cay and becomes more signi� cant, resulting in a drop in the shape
parameters. Hence, � utter is approached when the shape parameter
trends are no longer � at. Thus, subcritical variations in the shape
parameter can be ignored, making the detection of � utter a simpler
process. Of course, at high noise levels, this advantage is lost be-
cause, the higher the noise amplitude, the more sudden the drop in
the shape parameter near � utter.

As with the damping � t method, the appropriate order of the
polynomial � t of the decay envelope centroid is far from obvious.
The problem is that a single polynomial order can not be chosen
to be adequate for a variety of test cases. Finally, the value of tmax

does not appear to in� uence greatly the � utter predictions. Table 3
shows � utter predictionsobtained by the envelope function method
for the Hancock model. For each velocity range, three values of tmax

are applied.None of these values appears to yield consistentlymore
accurate predictions.Table 3 also shows the polynomial orders that
yield the best � utter predictions for each test case.

NG

The NG modeling of the equations of motion of a system is very
accurate for low-order models. The factors that affect the accuracy
of the NG are the presence of noise and the velocities at which the
subcritical tests take place. A further consideration is the number
of air speeds at which tests are carried out. The NG only needs two
tests at two different velocities to provide the complete equations

Table 4 Flutter estimates by the NG method
using different numbers of test speeds

Number of
air speeds Flutter speed estimate, m/s

2 44:0761§ 0:0434
3 44:0931§ 0:0600
4 44:1506§ 0:0720
5 44:1208§ 0:0656
6 44:0532§ 0:0715
7 44:1218§ 0:0564
8 44:1468§ 0:0526

of motion. However, during the course of the present research, the
possibility that � utter predictions might improve if more than two
velocities are used was examined. The basic premise of this idea
is that if there are measurement errors in the responses used in
the identi� cation process then the identi� ed equations of motion
will also contain errors, resulting in less accurate � utter predictions.
Hence, if tests are carried out at more than two velocities and the
aerodynamic and structural matrices obtained by a least-squares
procedure, the � utter estimates might improve.

To test this idea, the Hancock model was used in the 10–30 m/s
velocity range (or 0.23V f –068V f ). The � rst test was carried out
with two velocities, one at 10 m/s and one at 30 m/s. The second
test was carried out with three velocities, one at 10, one at 20, and
one at 30 m/s. In all, seven tests were carried out with up to eight
velocities, all within the same range. The responses in all of the
tests were contaminated with 10% rms white noise, chosen from a
normal distribution with zero mean and unity variance. Each test
case was repeated 100 times to provide a large populationof � utter
speedestimates.The con� dence boundsof the mean � utter estimate
for each test case were calculated using the Student’s T test17 with
a con� dence level of 1%. The results are given in Table 4. It can
be seen that the best result, both in terms of mean � utter speed and
con� dence bounds, occurs in the case where only two speeds are
used. The conclusion drawn from these results is that there is no
advantage in using more than two test speeds to identify a simple
system such as the Hancock model with the NG method. A higher
number of air speeds would only be required if the aerodynamic lag
terms had not been neglected in the derivation of the method.

As the noise level increases, the quality of identi� cation by the
NG decreases, as can be seen in the left-hand side of Fig. 9. The
Hancock model containsno structural damping so that the damping
ratios should be zero at zero velocity, but the quality of identi� ca-
tion in the presence of 10% rms noise is so low that the predicted
dampings at zero velocity are nonzero. Additionally, parts of the
identi� ed frequencyvariation are inaccurate.The adverse effects of
experimental errors can be overcome by using more than one forc-
ing vector during identi� cation. With four forcing vectors and with
20% rms noise, for the same test case, the quality of identi� cation
was much improved, as seen in the right-hand side of Fig. 9

The NG methodwas not applied successfullyto the Sim-2 model.
The large number of modes in the Sim-2 model, coupled with the
fact that the equationsof motion are stiff, that is, some of the system
eigenvalues are orders of magnitude larger than the low-frequency
eigenvalues, caused matrix T in Eq. (13) to be badly scaled and,
hence, nearly singular.As a consequence,the resultingequationsof
motion were highly inaccurate.

ARMA-Based Method

The MA part of an ARMA model implies white noise excitation;
however, because all of the other methods were evaluated using
frequency sweep excitation signals, an autoregressive moving av-
erage with exogenous inputs (ARMAX) model was used instead
of ARMA to ensure a fair comparison of the methods. Exogenous
inputs refers to inputs other than white noise.

The � rst dif� culty in the implementation of the method is the
evaluation of the ARMAX coef� cients. In the absence of noise,
this evaluationcan be accomplishedquite successfullyeven using a
simple least-squaresprocedurewith J equal to thenumberofmodes.
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Fig. 9 Comparison of performance of NG with 1 and 4 forcing vectors.

Fig. 10 F and G stability criteria using ARMA method, no noise,
Hancock model.

Then, the responseof the ARMAX model to a given signal is almost
identical to that of the actual system. In Fig. 10, all of the stability
criteria are plotted for a range of velocities up to the � utter velocity
for the Hancock noise-free case. Criterion F ¡

5 goes negative at an
air speed very close to the actual � utter velocity. However, it can
be seen that the drop in the value of F¡

5 is very abrupt, giving
the impression of hard � utter, even though Fig. 1 shows that the
Hancock model does not undergo hard � utter. If a curve � t of the
criterion was attempted at low subcritical speeds, it would fail to
predict � utter. References 12 and 18 suggest a linear curve � t very
close to the � utter velocity; however, such a procedurewould carry
considerable risks in the case of an experimental test, be it in the
wind tunnel or in the air.

When the responses contain noise, the evaluation of an accurate
ARMAX representationof an aeroelastic system becomes very dif-
� cult. A number of parameter estimation schemes were used in the

Fig. 11 F stability criteria using ARMA method, 5% noise, third-
order model.

applicationof the method to the Hancock wing with control surface
model with 5% rms noise in the response. These included standard
least squares, instrumental matrix with delayed observations, dou-
ble least squares14 and the recursive � ltering method.13 Figure 11
shows the estimated F stability criteria for a best-case application
using double least squares and J equal to the number of modes.
Despite the noise, F¡

5 is correctly identi� ed as the � rst criterion
to go negative; however, the curves are obviously very rugged and
would not admit a successful polynomial curve � t. The � utter ve-
locity was identi� ed accurately, but only after tests were performed
at a high subcritical speed. For J D 5 (number of modes C 2), the
resultingcriteriaare worse. The authorsof Refs. 12 and 18 suggesta
maximum likelihood approach for order determination and param-
eter estimation; however, they do not mention any applications of
that approach to the case were there are measurement errors in the
responses in either of these references.

The best results for the Hancock model were obtained when us-
ing J equal to the number of modes with double least squares. The
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response results were decimated, that is, the time step was increased
because when the time step is very small the curve � t is more sen-
sitive to noise corruption.14 Nevertheless, the ARMAX results in
Table 1 are very disappointing, with only test cases very close to
� utter yielding acceptable predictions.

For the Sim-2 model, the best ARMAX � ts were obtained using
normal least squares and J equal to the number of modes. It was
foundthat small amountsof noise improvedthe � ts. Figure 12 shows
a typical � t of the responseof transducernumber 7 (locatedat the tip
of the tailplane, midchord). The agreement between the ARMAX
model and the Sim-2 results is very good. The performance of the
ARMAX method is generallybetter for the Sim-2 model than for the

Fig. 12 Sample ARMAX � t of the Sim-2 model response to chirp input.

Fig. 13 F+(l) stability criteria variation with air speed for Sim-2 model.

Hancock model. This is because, due to the high number of modes,
there are many more F §.l/ stability criteria. Figure 13 shows the
FC.l/ criteria for a sample application[criteria G.1/ and G.¡1/ do
not go negative and the F¡.l/ criteria go negative after the FC.l/
ones]. The critical criterion is FC.45/ because it assumes negative
values � rst. Hence, the � utter velocities in Table 2 were obtainedby
polynomial curve � ts of FC.45/.

Sensitivity of the Methods to Noise

An indication of the sensitivity of the methods to measurement
noise was obtained by the application of the techniques to data
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Table 5 Variation of error in � utter estimates with increasing noise level, Hancock model

Damping � t Envelope NG FM ARMAX based
Noise
% rms Error, % STD Error, % STD Error, % STD Error, % STD Error, % STD

5 3.1 1.1 ¡3.0 5.7 ¡0.1 0.2 2.4 0.7 7.4 19.9
10 ¡1.3 1.3 ¡9.6 8.1 ¡0.5 1.0 7.9 1.9 10.1 16.2
15 5.8 7.7 ¡15.8 14.2 ¡0.7 1.4 13.3 2.6 12.0 15.6
20 50.0 112.6 ¡26.8 13.8 1.8 4.9 29.9 8.1 20.8 19.9

from the Hancock model corruptedwith simulatednoise of increas-
ing amplitude. The noise was white noise with a square frequency
spectrum, incorporating frequencies up to twice the highest natural
frequency of the system. The noise amplitude was measured as a
percentage of the rms amplitude of the clean response. Tests were
carried out with all of the methods at noise levels of 5, 10, 15,
and 20% at an air speed range between 20 and 80% of the � utter
speed. Each test was repeated30 times, and the mean � utter predic-
tions as well as their standard deviations (STDs) were calculated.
The mean errors in the � utter predictions and STDs are given in
Table 5.

The damping � t approach appears to perform well up to a noise
amplitude of 15% (even though, at that amplitude, the spread of
the results is quite high), but fails completely at 20% rms noise
amplitude. The envelope function has a tendency to underestimate
the � utter speed with increasingnoise level.The NG approach(with
four excitation vectors) is very robust, yielding very small errors
and STDs even at noise levels of 20%. The FM yields unacceptable
predictions at noise amplitudes higher than 10%. The performance
of the ARMAX-based method is characterizedby a very high spread
of predictions,as witnessedby thehigh valuesofSTDs. If an errorof
up to 10% in the � utter estimates is consideredacceptable, then the
maximum allowable noise levels for each method are damping � t,
15%; envelope method, 10%; NG, 20%; FM, 10%; and ARMAX-
based, 5%.

Three observations must be made. First, the � ight conditions at
which the tests are performed affect the sensitivity of the meth-
ods to noise. If test were performed very close to the actual � utter
condition, then the methods would have been far less sensitive to
noise. Second, the sensitivity of the methods to noise also depend
on the particular implementation. For example, the way in which
the damping ratios and envelope functionvalues are curve � tted and
extrapolatedcontributesto noise sensitivity.Third, in real � ight � ut-
ter tests, the measurement noise is not necessarily white, and there
may also be systematic errors included in the responses.Hence, the
conclusions drawn in this section are only indicative.

Simulated Flutter Test
Simulated � utter tests were performed for both models using all

of the � utter prediction methods. The procedure for all approaches
(apart from the NG technique) was as follows:

1) The response of each model was � rst obtained at a low sub-
critical speed, equal to 22.7% of the actual � utter speed. In the case
of the Sim-2 model, the responsealso depends on the � ight altitude,
which was � xed at 5000 ft. The responseswere analyzed to provide
estimates for the damping ratios, � utter margin, envelope function
shape parameter, and ARMA-based stability criteria.

2) The � ight speed was increased by an increment equal to 7% of
the actual� utter speed,andestimatesof the fourstabilityparameters
mentioned in step 1 were obtained.

3) The � ight speed was increased again by the same increment
of the actual � utter speed and estimates of the four stability param-
eters were obtained. Each of the parameters was � tted with respect
to � ight speed by a second-degree polynomial, whose roots were
subsequently obtained. Any roots that were complex, lower to the
current � ight speed, or occurredat points of positive curvaturewere
ignored. The remaining roots provided the � rst estimates for the
� utter speed, a maximum of one estimate for each stability param-
eter. Subsequently, checks were performed to ensure that the next
� ight speed would not be within 20% of any of the � utter speed

estimates. At this early stage in the testing procedure, all methods
indicated stability for the next test point.

4) The � ight speed kept being increased by the same increment,
and new estimates for the stability parameters were obtained and
added to the curve-� ttingprocedure.With each new estimate,higher
ordersof polynomialcurve � ts were possible.The � utter marginwas
only � tted by second-orderpolynomials,but the other three stability
parameters were � tted by polynomials of all possible orders, with
the new estimate for the � utter speed being calculated as the mean
of all of the acceptable roots. After all of the new estimates were
obtained, stability checks were performed for the next test speed.

5) The simulated� ight testwas endedat the test speedat which all
methods predicted that the next test speed would be within 20% of
the latest � utter speed estimates. For each of the methods, the � nal
� utter speed estimate was taken to be the � rst estimate at which the
stability check failed.

For the NG, the procedure was slightly different. At each test
point, only the current and initial responses were used to provide
a � utter estimate. Additionally, the NG was only applied to the
Hancock model � utter tests.

All results were obtained for responses contaminated by 5% rms
white noise. The noise was simulated by taking the inverse Fourier
transformof a frequencysignalwith constantamplitudeand random
phase. The simulated � utter test procedure was repeated 30 times,
and the mean � utter speed prediction and 5% con� dence interval
was calculated for each method.

Comparison Between Methods
From the discussion already presented, it should be clear that all

of the � utter predictionmethods investigatedhere can yield accurate
predictions under certain circumstances. The crucial consideration
that divides the techniques is how wide is this set of circumstances
for each one of them. A further consideration is the ease of use
and the speed of the calculations involved. During a � ight � utter
test, it is often very important to know as soon as possible whether
proceeding to the next test point is safe.

The methods can be separated into two categories:
1) The � rst category consists of methods that identify the equa-

tions of motion. This categorycontains only the NG method, which
requires the DOF or modal responses. The identi� cation requires
only two tests at two different velocities. The equations of motion
can then be solved to yield the � utter speed.

2) The second categoryconsists of methods that curve � t a stabil-
ity criterion.This categorycontainsthe restof themethods(damping
� t, FM, envelope, and ARMA). They all calculate a parameter that
characterizes the stability of a system at each test velocity. The pa-
rameter variation with air speed is curve � tted by a polynomial and
then extrapolated to the condition for instability, to yield the � utter
velocity.

The results of Tables 1 and 2 show that, as expected, the predic-
tions from all of the methods tend to improve when the tests are
performed near the actual � utter condition. For example, the pre-
dictions for the air speed range 23–98% (of the � utter speed) are
never more than 0.5% out. However, this is only a general trend. In
Table1, for example, as the test speed range is widened, the damping
� t prediction error falls from 14.4 to 5.1%, increases to 9.1%, and
then falls again to 0.1%. Because, with the inclusion of noise, all of
the processes are stochastic, there are always going to be glitches
in the general trends. Nevertheless, the patterns that emerge show
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Table 6 Flutter predictions for the Hancock
model, simulated � utter test

Mean � utter speed Mean
Method estimate, m/s error, %

Damping � t 43:73 § 1:054 ¡0.8
Envelope 46:00 § 1:093 4.4
FM 45:34 § 0:251 2.9
ARMAX-based 24:50 § 2:176 ¡44.4
NG 44:13 § 0:142 0.1

Table 7 Flutter predictions for the SIM-2
model, simulated � utter test

Mean � utter speed Mean
Method estimate, kn error, %

Damping Fit 394:15 § 5:88 ¡1.0
Envelope 386:82 § 2:47 ¡2.8
FM 432:82 § 5:38 8.8
ARMAX 164:08 § 9:87 ¡58.8

that, for the Hancock model, the highest errors are obtained with
the ARMAX-based method and the lowest with the NG method,
whereas, for the Sim-2 model, the highest errors are again obtained
from the ARMAX-based method whereas the envelope function
method yields the lowest errors.

Simulated � ight � utter predictions from the methods are given
in Tables 6 (Hancock model) and 7 (Sim-2 model). Two striking
features of the results in Tables 6 and 7 are the poor performances
of the ARMAX-based method for both models and the FM on the
Sim-2 model. The reason for the failure of the ARMAX method is
the inability to obtain accurateARMAX coef� cients in the presence
of noise, as detailed in the section on preliminary validation of
the ARMAX method. The FM overestimated the � utter speed of
the Sim-2 model by 8.8% because the fake � utter margin variation
droppedvery abruptly near � utter, that is, did not supply adequately
early warning of impending instability.

As far as the accuracy of prediction, the equation-of-motion-
identi� cation method is best, as indicated by the Hancock model
results. The NG provides consistentlyhigh-qualitypredictionseven
when the subcritical tests are carried out at relatively low velocities
and under high levels of noise. The accuracy of the method derives
from a numberof responsesto different inputs at the same test speed
being employed in the calculations.

On the other hand, it was found that the category 1 method could
not be successfully applied to the Sim-2 model. Only category 2
methods could provide results for that model, the damping � t ap-
proach being the most successful,followed by the envelopemethod.
However, category 2 methods require polynomial curve � tting and,
except in the case of the FM, the order of the polynomial is un-
known. One way of determining which order of polynomial is best
is to obtain a preliminary value for the � utter velocity. This can be
provided either by using a mathematical model of the system un-
der considerationor from earlier wind-tunneland � ight � utter tests.
Additionally,with the exceptionof the envelopemethod, category2
methods are complementary, that is, they all require a knowledge
of the eigenvalues of the system. Once these have been evaluated
for a particular test case, � utter predictions can be obtained very
quickly and inexpensively.Hence, the damping � t, FM, and ARMA
methods could conceivably be applied simultaneously at each test
case.

Note that the present researchindicatesthat, for large systems, the
damping � t method is the most effective.This method also happens
to be the most widely used approach in practical � ight � utter tests.
In a purely academic sense, category 1 methods are preferable to
the damping � t technique because they provide a fuller picture of
the dynamics of a given system. Nevertheless, in more realistic
applications, category 1 methods are confronted by a number of
practical problems such as the choice of the number of modes, the
need for modal responses, and associated numerical problems. The

Table 8 Comparative computational costs

Method Time, s FLOPs

ARMA 103.9080 558,279,907
Damp 119.0050 580,848,971
FM 93.4040 420,815,792
Envelope 58.6300 111,513,021
NG 19.2780 16,367,706

damping � t method does not suffer from any of these dif� culties.
Any aeroelasticsystem, no matter how complex,will yield damping
data and will have zero damping at the � utter speed.

A � nal note shouldbe made on the ARMA-based method. Its per-
formance in both the stand-alonetests and the simulated � utter tests
was much poorer than the performanceof any of the other methods.
The Jury stabilitycriteria,which are employedto pinpoint the � utter
velocity,have a very indifferent low subcriticalvariation,that is, � at
and noisy, as seen in Fig. 13. Only near � utter does the variation
become signi� cant. Hence, any polynomial curve � t that uses low
subcritical values of the stability criteria will yield large errors. In
essence, the present research into the ARMA-based method sheds
doubts on the suitability of the Jury stability criteria for the analysis
of � ight � utter test data.

In terms of computational effort, the category 1 method requires
more data, especially if multiple excitation vectors are used, but
fewer test speeds than category 2 methods. As Table 8 shows, the
category1 methodis lessexpensivethancategory2 methods,mainly
becauseof the smaller number of tests. The computationaltime and
number of � oating point operations (FLOPs) data were obtained
for a speed range of 10–43 m/s for the Hancock model. Category 2
method tests took place every 3 m/s in that range (a total of 12
tests). The category 1 method was applied with four excitationvec-
tors. Of course, these results should only be seen as indicators of
comparativecomputationalcosts, not as absoluteassessmentsof the
computationalef� ciency of each method.

Conclusions
Five different � utter prediction methods were implemented, and

their performance was evaluated on two simulated systems. The
criteria used in this evaluation were the quality of predictions and
method complexity. The NG was found consistently to provide the
most reliablepredictionsfor the simple Hancock model; however, it
failed completely for the larger Sim-2 model. The FM can yield ac-
ceptable results when applied to an aeroelasticsystem whose � utter
mechanism is known, but it requires � ight tests to be carried out at
relatively high subcritical air speeds in the presence of high levels
of noise corruption.The damping � t and envelope function method
were foundto give the best results for the Sim-2 model. The ARMA-
based method was found to suffer in the presence of measurement
error, mainly becauseof the inaccuracyof the ARMA-� tting proce-
dure. Overall, the results presented show that the simplest methods
appear to be the more robust while giving good accuracy.The more
complexmethodsneed furtherdevelopmentto becomemore univer-
sally effective. Nevertheless, it was found that there was no general
applicationof the techniques investigated here that would work for
every aeroelastic model. The method implementations had to be
speci� cally adapted for each model.
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